Several enumeration results are known about rooted maps on orientable surfaces, whereas rooted maps on non-orientable surfaces have seldom been studied. First, we unify both kind of maps, giving general functional equations for the generating series which counts rooted maps on any locally orientable surface, by number of vertices and faces. Then, we formally solve these equations, in order to establish a detailed common formula for all these generating series. All of them appear to be algebraic functions of the variables counting the number of vertices and faces. Explicit expressions and numerical tables for the series counting rooted maps on the non-orientable surfaces of genus 3 and 4 are given.
Introduction
Enumeration of rooted maps on non-orientable surfaces has been initiated in the 1960s by Brown [10] . The ÿrst explicit enumeration result was obtained by Bender et al., with a parametric expression for the series counting rooted maps on the projective plane, by number of edges [9] and later by number of vertices and faces [8] . The second step was reached by ArquÂ es and BÃ eraud [3] , for rooted maps on the Klein bottle, enumerated by number of vertices and faces, and consequently by number of edges.
The series counting rooted maps on general surfaces have been asymptotically enumerated by Bender et al., who suggested a general parametric formula for these series [8, Theorem 3] . This theorem is derived from a similar one, proved for orientable surfaces in [7] .
These two theorems, suitable for asymptotic enumeration, are not precise enough to perform explicit enumeration. By an accurate analysis of the contribution of each term in the global calculus, we ÿlled up this gap in precision. Our ÿrst result concerned rooted maps on orientable surfaces of given genus [4] . We reduced the knowledge of the series to that of a polynomial with known degree and with integral coecients, computable from recursion formulas. Our present result concerns rooted maps on orientable and non-orientable surfaces.
We ÿrst give here a complete deÿnition of the type of a surface. Then, considering together orientable and non-orientable surfaces with the same type, we determine a parametric formula for the series counting rooted maps on this general surface, by number of vertices and faces. Such a surface is either orientable or not, so that a formula for the rooted maps on a non-orientable surface of given type can always be obtained by subtraction of the orientable contribution, established in a previous paper [4] . As an example, explicit formulas for rooted maps on non-orientable surfaces with one hole are given.
This paper is organized as follows: surfaces and rooted maps are deÿned in Section 2, together with some convenient notations. Section 3 gives the functional equations that have to be solved. Theorem 1 of Section 4, which is the main result of this paper, presents a general parametric formula for the series counting rooted maps on any locally orientable surface. An inductive technique is used to prove Theorem 1 in Section 5. Applying this technique, Section 6 gives two new enumeration results about maps: explicit formulas for genus 3 and genus 4 non-orientable rooted maps.
Deÿnitions and notations

Deÿnitions
A surface is a topological space with the same local properties as the Euclidean plane. Namely, a surface (in the three-dimensional Euclidean space) is a connected compact 2-manifold (without boundary). The connected sum S 1 #S 2 of two surfaces S 1 and S 2 is obtained by identifying the boundaries of two small similar holes, respectively, cut in S 1 and S 2 .
A proof of the following classiÿcation theorem for compact surfaces of R 3 can be found in the book of Massey [12] :
• Any orientable surface of R 3 is homeomorphic to the connected sum of g tori, where g is a non-negative integer, called genus of the surface. Any surface of genus 0 is homeomorphic to the sphere, which is the neutral element for the law of connected sum.
• Any non-orientable surface of R 3 is homeomorphic to the connected sum of an orientable surface and either the projective plane, or the Klein bottle.
We suggest to denote by (S), or simply , the type of S, introduced in [6] , which provides, together with orientability, a convenient characterization of any class of homeomorphic surfaces. This type has the following properties:
• The type of an orientable surface is equal to the genus of this surface.
• The type of a non-orientable surface homeomorphic to the connected sum of an orientable surface of genus g and the projective plane is equal to g, plus 1=2 for the additional projective plane.
• The type of a non-orientable surface homeomorphic to the connected sum of an orientable surface of genus g and the Klein bottle is equal to g, plus 1 for the additional Klein bottle. Thus, the type of the sphere is 0, the type of the projective plane is 1=2, the type of the torus and the type of the Klein bottle are 1. The genus admits a classical deÿnition for non-orientable surfaces, where the genus of the projective plane is 1 and the genus of the Klein bottle is 2. Nevertheless, we prefer to use the notion of type, for its convenient property of additivity with respect to the operation of connected sum:
A map on a surface is a partition of the surface into simply connected regions ( faces) bounded by a ÿnite number of simple curves (edges), ending on points (vertices) in such a way that the edges are disjoint from each other and from the vertices.
A map is rooted if one edge, a direction along this edge and a side of this edge are distinguished. More generally, we deÿne here multi-rooted maps. Let r be a positive integer. We say that a map is r-rooted if it is rooted (by e 1 ) and if a sequence (e 2 ; : : : ; e r ) of oriented edges is distinguished, with initial vertices distinct from each other and from the initial vertex of e 1 .
Two r-rooted maps on the same surface are isomorphic if there is an homeomorphism of the surface, which preserves the orientation of the surface (if it is orientable) and assigns the faces, vertices and edges of the ÿrst map on the faces, vertices and edges of the second one, leaving ÿxed the root (with distinguished direction and side) and the sequence of distinguished oriented edges. In all that follows, what we call r-rooted maps is in fact a class of maps for this isomorphism.
Our aim is to enumerate explicitly 1-rooted maps on a surface of arbitrary ÿxed type . Since this surface can be orientable or not, we also want to know the number of rooted maps of each kind. For this, we pass through the enumeration of a ÿnite set of families of r-rooted maps.
Notations
Let S (v 1 ; : : : ; v r ; s; f) be the ordinary generating function counting the number of r-rooted maps on any surface, orientable or not, of type .
Let Q (v 1 ; : : : ; v r ; s; f) be the generating function counting the number of r-rooted maps on the orientable surface of type , if is integral, and 0 otherwise. Let N (v 1 ; : : : ; v r ; s; f) be the generating function counting the number of r-rooted maps on the non-orientable surface of type , if is a positive half-integer, and 0 otherwise.
For any integer k from 1 to r, the degree of variable v k is the degree of the initial vertex of the kth distinguished oriented edge. The degree of variable s is the number of vertices minus one and the degree of variable f is the number of faces minus one.
Using these notations, one obviously gets: We choose to adapt the notation of Bender et al., distinguishing edges instead of faces, in order to deal with symmetric functions of variables v 1 ; : : : ; v r , which allow us to deÿne the following convenient writing convention: let be a positive integer, ÿ a non-negative integer and a function of ( + ÿ) variables. One says that is symmetric in its ÿrst variables, if, for any permutation on the set {1; : : : ; }, the expressions (x 1 ; : : : ; x ; x +1 ; : : : ; x +ÿ ) and (x (1) ; : : : ; x ( ) ; x +1 ; : : : ; x +ÿ ) are identical. We denote by (X; x +1 ; : : : ; x +ÿ ) any one of these identical expressions, where X is the set {x 1 ; : : : ; x }.
By deÿnition, the generating function S (v 1 ; : : : ; v r ; s; f) is symmetric in the variables v 1 ; : : : ; v r and then in the variables v 2 ; : : : ; v r . This explains the use of the writing S (v 1 ; W; s; f) in the following equations, if W is the set {v 2 ; : : : ; v r }. Other similar abbreviations are used with other obviously symmetric functions.
Functional equations
For any type and any positive number r of rooted oriented edges, the generating function S (v 1 ; : : : ; v r ; s; f) of r-rooted maps on a surface of type satisÿes a relation, which generalizes Tutte's equation. We ÿrst introduce some notations used to write this relation in a more synthetic way.
• W denotes the empty set if r = 1, and the set {v 2 ; : : : ; v r } if r ¿ 2.
• For any part X of W (X ⊆ W ); W −X denotes the subset of the elements of W which are not in X . • a; b denotes Kronecker's symbol, 1 if a equals b, and 0 otherwise.
Functional equation for r-rooted maps of type
where S = 0 if ¡ 0 and j=1 j=2 = 0:
One establishes this family of equations by the classical topological contraction of an edge, ÿrst introduced by Tutte [13, 14] for planar maps and generalized to higher genus by Walsh and Lehman [15, 16] . It is a simple rewriting of the analogous formula stated by Bender et al. [8] .
Recursive form of the functional equations
One can rewrite relation (1) as a recursion formula between S (v 1 ; : : : ; v r ; s; f) and terms involving some S j (X; s; f); where j is a positive half-integer lower than and X is some subset of {v 1 ; v 2 ; : : : ; v r }, strict if j = :
• If is not zero or if W is not empty, then we deduce from (1) that S (v 1 ; W; s; f) veriÿes
where
These equations were ÿrst given in [8] (where one should read z ! instead of w ! ), under a slightly di erent form, involving the similar function M (u; v; y; I ): Eq. (2a) has been extended to generating series with non-commutative variables in [11] . where
One shows that there is a unique power series V of the variable s and f so that:
From (3.1) and (3.3), one deduces that B(V; s; f) = 0 and @B=@v(v; s; f) |v=V = 0. Rewriting this using (3.2), one gets two independent equations with unknowns V and Q 0 (1; s; f), which can be solved through the following parametric system, ÿrst introduced in [1] : For ¿ 1=2, one deduces from (3.3) and (2b), written for v 1 = V and W = ∅ (r = 1), a relation for the power series S (1; s; f) we are looking for.
For ¿ 1=2, the ordinary generating function sf S (1; s; f) of rooted maps of type ; counted by number of vertices (degree of s) and by number of faces (degree of f) satisÿes the relation sf S (1; s; f)
4. General form for rooted maps with type ¿1
For any type ¿1, we establish in Theorem 1 a general parametric formula for the power series S (1; s; f), which helpfully reÿnes Theorem 3 of [8] , with an upper bound for numerator and denominator degrees. The single unknown of this general form is the polynomial R (p; q; a), whose total degree is proved to be lower than or equal to 6 − 3. where R (p; q; a) is a polynomial of variables p; q and a; symmetric in p and q; and whose total degree is lower than or equal to 6 − 3.
Remark. In the case of orientable surfaces, it has been possible to prove [4] that, for any positive integer g, the ordinary generating function sf Q g (1; s; f) which counts rooted maps of genus g by number of vertices (degree of s) and number of faces (degree of f) is the unique solution of the following parametric system:
where P g (p; q) is a polynomial of variables p and q with integral coe cients and whose total degree is lower than or equal to 6g − 6.
The proof of Theorem 1 is detailed in Section 5, essentially by induction on some parameters.
A proof for Theorem 1
For technical reasons, let us deÿne c by 1−2c = a = (1−2p−2q) 2 −4pq:
In order to prove Theorem 1, we ÿrst establish the following weaker formula, in which parasitic terms appear, that we eliminate thanks to a duality argument:
where F (p; q; c) is a polynomial of variables p; q and c, whose total degree is lower than or equal to 16 −6. Duality between faces and vertices in rooted maps, implying the symmetry of this relation in variables p et q, justiÿes the divisibility of the numerator by (1−p) 6 −2 p 4 −1 , leading to the ÿnal formula of Theorem 1.
Notations
Let be a positive integer and be a power series of variables v 1 ; : : : ; v ; s and f. Then, the multiple partial derivative of to the orders n 1 ; : : : ; n with respect to the variables v 1 ; : : : ; v ; respectively, computed in v 1 = · · · = v = V , is a power series in p and q, normally written as (n1;:::;n ;0;0) (V; : : : ; V; s; f), which will be shortened to [n 1 ; : : : ; n ].
We now deÿne a family of equations, indexed by the type of the surface, by a positive integer r and by a list of non negative integers (n 1 ; : : : ; n r ). Starting from Eq. (2b), one performs the following transformations: 1. Partial derivation of Eq. (2b) with respect to the variables v 1 ; v 2 ; : : : ; v r to orders n 1 + 1; n 2 ; : : : ; n r , respectively. 
where M and L are, respectively, deÿned by
is a polynomial of degree lower than or equal to 1 for m 6 2 and 0 otherwise.
• L k (p) is a polynomial of degree lower than or equal to 1 for k 6 3 and 0 otherwise. with n = n 1 + · · · + n r ; N! = n 1 ! : : : n r ! and where F ; n1;:::; nr (p; q; c) is a polynomial of variables p; q and c; whose total degree is lower than or equal to 16 + 3n + 10r − 13.
General form for series
This proposition, proved by induction in Section 5.4, requires the following technical lemmas.
Four technical lemmas
Lemma 1. For any non-negative integer i;
where D 0 = 0 and D i (p; q) is a polynomial of variables p and q; whose total degree equals 2i − 2; for i = 0.
Proof of Lemma 1. The ÿrst four cases are treated separately. From (3.1), (3.2) and (3.3), one can directly show that
So, Lemma 1 is satisÿed, for i lower than or equal to 3. For i ¿ 4, one deduces from (3.1) a simple proof of Lemma 1 by induction on i.
The following proofs require a general form for partial derivatives of Q 0 (v; s; f) = S 0 (v; s; f) in v, calculated in v = V , which is given by the following Lemma 2.
Lemma 2. For any non-negative integer k;
and; for k ¿ 2; F 0; k (p; q; c) is a polynomial in p; q and c whose total degree is lower than or equal to 3k − 2.
Proof of Lemma 2. This lemma is an immediate consequence of the basic technique used throughout this paper, namely partial derivation to order k with respect to variable v, calculated in v = V , here applied to relation (2d). The general form of
given by Lemma 1 is intensively used. The ÿrst two cases can be directly calculated. Then, the proof follows by induction on k, for k ¿ 3.
The following two lemmas are the basis of the inductive proof of theorem 1.
where F 1=2; k (p; q; c) is a polynomial in p; q and c whose total degree is lower than or equal to 3k + 5.
Proof of Lemma 3. Once more, this general form can be proved by induction on k, from the special case of Eq. (2b), where = 1=2 and r = 1. When this equation is derived to order k + 1 with respect to v, and calculated in v = V , it leads to
This equation (which can also be denoted (1=2; k), according to the notations of Section 5.1) is suitable, together with Lemma 2, for an inductive proof for
Lemma 4. For any non negative integers n 1 and n 2 ;
where F 0; n1; n2 (p; q) is a polynomial in p and q; whose total degree is lower than or equal to 2(n 1 + n 2 ) + 4.
Proof of Lemma 4. With the notations of Section 5.1, Eq. (0; n 1 ; n 2 ), is explicitly
General forms for A[i] and S 0 [l] are provided by Lemmas 1 and 2, respectively. Then, Lemma 4 is proved by induction on (n 1 ; n 2 ), starting from
5.4. Inductive proof of Proposition 1 5.4.1. Initial cases Lemma 3 proves formula (5.3) for the ÿrst initial case, when ( ; r) = (1=2; 1). Lemma 4 does the same for the second intial case, when ( ; r) = (0; 2).
General case
It is easy to check that equation ( ; n 1 ; : : : ; n r ) deÿnes S [n 1 ; : : : ; n r ] from partial derivatives of S j , for j strictly lower than , or for j = and a number of variables strictly lower than r, or otherwise for j = , a number of variables equal to r, and a total derivation order strictly lower than n 1 + · · · + n r . As a consequence, the general case of formula (5.3) can then be proved by induction, from equation ( ; n 1 ; : : : ; n r ).
Let us suppose that (5.3) is veriÿed for all the series S j [m 1 ; : : : ; m h ], where • j = 0 and h ¿ 2, • 0¡j¡ ; j half-integer and h ¿ 1.
• j = and 1 6 h¡r, • j = ; h = r and (m 1 ; : : : ; m h ) lexicographically lower than (n 1 ; : : : ; n r ), Introducing all these hypotheses in equation ( ; n 1 ; : : : ; n r ) and handling some tedious computing leads to formula and S −1=2 [1] . Weak formula (5.2) results from these special cases substituted in (3.5), and Theorem 1 follows, using (5.1).
Explicit enumeration of rooted maps on non-orientable surfaces
Explicit enumeration results
Formally applying the algebraic calculus described in the proof of Theorem 1 leads to the explicit enumeration results of Theorems 2 and 3.
Theorem 2. The ordinary generating function sf N 3=2 (1; s; f) counting rooted maps of type 3=2 (connected sum of a projective plane and a torus) by number of vertices (degree of s) and by number of faces (degree of f ) is the unique solution of the following parametric system: where v; e and f denote, respectively, the number of vertices, edges and faces of any map on a surface of type . Any series F(z) which counts maps on a surface of type by number of edges can then be retrieved from the similar series of two variables G(x; y) which counts the same maps by number of vertices (degree of x) and faces (degree of y), using the following formula:
F(z) = G(z; z)z − 2: (6.6)
When s = f = z, the parametric system (3.4) of the variables s and f in p and q can be reduced to a single parameter m = p = q and m is deÿned by z = m(1 − 3m) and m = 0 when z = 0: (6.7)
Again, (6.7) allows Lagrange inversion. However, we prefer to get rid of the quadratic parameter m and to write the series in z only. This leads to the following expressions, for type 3=2 and 2, respectively: 
Conclusion
An inductive method has been explicity used to solve the "Tutte-like" functional equations for the series counting rooted maps on any locally orientable surface. Implicitly used by ArquÂ es [2] for rooted maps of genus 1, described by Bender et al. [6] [7] [8] [9] for general rooted maps, this method allowed us to establish a general parametric form for the solutions.
The result reduces the knowledge of the generating series so that of a symmetric polynomial of two variables, with known total degree. This total degree linearly depends on the type of the surface on which the maps are counted. In other words, it is su cient to know the number of "small" rooted maps, up to a known size, to determine the numbers of rooted maps of all sizes. This fact will be detailed is an upcoming paper.
For any ÿxed type of surfaces, there exist recursion formulas deÿning the unknown polynomial. These formulas, deductible from our recursive proof, but of small interest for the reader, are not given here. However, we converted them into an algorithm which computes the polynomial (at least in theory, since the complexity of these computations strongly increases with the type of the surface). Using a computer algebra system, we performed the computation of the polynomials for types 3 2 and 2, and thus obtained practical formulas for the number of rooted maps on a non-orientable surface with one hole, by number of vertices and number of faces.
